ABSTRACT. In contrast to the subspaces of all C-symmetric operators, we show that the subspaces of all skew-C symmetric operators are reflexive and even hyperreflexive with the constant κ(C s ) ≤ 3.
Introduction and preliminaries
Let H be a complex Hilbert space with an inner product ., . and let B(H) be the Banach algebra of all bounded linear operators on H.
Recall that the space of trace class operators τ c is predual to B(H) with the dual action T, f = tr(T f ), for T ∈ B(H) and f ∈ τ c. The trace norm in τ c will be denoted by · 1 . By F k we denote the set of all operators of rank at most k. Often rank-one operators are written as x ⊗ y, for x, y ∈ H, and (x ⊗ y)z = z, y x for z ∈ H. Moreover, tr(T (x ⊗ y)) = T x, y . Let S ⊂ B(H) be a closed subspace. Denote by S ⊥ the preanihilator of S, i.e., S ⊥ = {t ∈ τ c : tr(St) = 0 for all S ∈ S}. A weak * closed subspace S is k-reflexive iff rank-k operators are linearly dense in S ⊥ , i.e., S ⊥ = [S ⊥ ∩ F k ] (see [8] ). k-hyperreflexivity introduced in [1, 6] is a stronger property than k-reflexivity, i.e., each k-hyperreflexive subspace is k-reflexive. A subspace S is called k-hyperreflexive if there is a constant c > 0 such that
for all T ∈ B(H). Note that dist(T, S) is the infimum distance. The supremum on the right hand side of (1) will be denoted by α k (T, S). The smallest constant for which inequality (1) is satisfied is called the k-hyperreflexivity constant and is denoted κ k (S). If k = 1, the letter k will be omitted.
Recall that C is a conjugation on H if C : H −→ H is an antilinear, isometric involution, i.e., Cx, Cy = y, x for all x, y ∈ H and C 2 = I. An operator T in B(H) is said to be C-symmetric if CT C = T * . C-symmetric operators have been intensively studied by many authors in the last decade (see [2] , [3] , [4] , [5] ). It is a wide class of operators including Jordan blocks, truncated Toeplitz operators and Hankel operators.
Recently, in [5] , the authors considered the problem of reflexivity and hyperreflexivity of the subspace C = {T ∈ B(H) : CT C = T * }. They have shown that C is transitive and 2-hyperreflexive. Recall that T ∈ B(H) is a skew-C symmetric iff CT C = −T * . In this paper, C s = {T ∈ B(H) : CT C = −T * } -the subspace of all skew-C symmetric operators will be investigated from the reflexivity and hyperreflexivity point of view. It follows directly from the definition that C and C s are weak * closed. We emphasize that the notion of skew symmetry is linked to many problems in physics and that any operator T ∈ B(H) can be written as a sum of a C-symmetric operator and a skew-C symmetric operator. Indeed, T = A + B, where A = 1 2 (T + CT * C) and B = 1 2 (T − CT * C). The aim of this paper is to show that C s is reflexive and even hyperreflexive.
Preanihilator
Easy calculations show the following.
Lemma 2.1. Let C be a conjugation in a complex Hilbert space H and h, g ∈ H. Then
In [2: Lemma 2] it was shown that
We will show that it is also a description of the rank-one operators in the preanihilator of C s .
Proposition 2.2. Let C be a conjugation in a complex Hilbert space H. Then
P r o o f. To prove "⊃" let us take T ∈ C s and h ⊗ Ch ∈ C ∩ F 1 . Then
Hence T, h ⊗ Ch = 0 and h ⊗ Ch ∈ C s ⊥ ∩ F 1 . For the converse inclusion let us take a rank-one operator h⊗Cg ∈ C s ⊥ . Since Cg⊗h−Ch⊗g ∈ C s , by Lemma 2.1 we have
Hence | h, g | = h g , i.e., there is equality in Cauchy-Schwartz inequality. Thus h, g are linearly dependent and the proof in finished.
Lemma 2.3. Let C be a conjugation in a complex Hilbert space H. Then
Example 2.4. Note that for different conjugations we obtain different subspaces. Let C 1 (x 1 , x 2 , x 3 ) = (x 3 ,x 2 ,x 1 ) be a conjugation on C 3 . Then
Rank-one operators in
Similarly, rank-one operators in C 2 and in (C
Example 2.5. Let C be a conjugation in H. ConsiderC = 0 C C 0 the conjugation in H ⊕ H (see [7] ). An operator T ∈ B(H ⊕ 
for all n, m ∈ N. Note that if n = m, then
In particular, we may consider the special case α = z k , k > 1. Then the equality (3) implies that a skew-C α symmetric operator A ∈ B(K 2 z k ) has the matrix representation in the canonical basis with 0 on the diagonal orthogonal to the main diagonal. Indeed, let A ∈ B(K 2 z k ) have the matrix (a ij ) i,j=0,...,k−1 with respect to the canonical basis. Note that
Moreover, from the equality (2) we can obtain that
which implies that a n,k−m−1 = −a m,k−n−1 for 0 ≤ m, n ≤ k − 1.
Reflexivity
The following theorem can be obtained as a corollary of Theorem 4.1. However, we think that the proof presented here is also interesting.
Theorem 3.1. Let C be a conjugation in a complex Hilbert space H. The subspace C s of all skew-C symmetric operators on H is reflexive. P r o o f. By Proposition 2.2 it is necessary to show that if T, h ⊗ Ch = T h, Ch = 0 for any h ∈ H, then CT C = −T * .
Recall after [2: Lemma 1] that H can be decomposed into its real and imaginary parts H = H R + i H I . Recall also that we can write h = h R + ih I ∈ H with h R = 1 2 (I + C)h ∈ H R and
The condition CT C = −T * is equivalent to the following:
On the other hand, the condition T h, Ch = 0 for any h = h R + ih I is equivalent to
and finally W * = −W . Since, by (4), in particular Zh I , h I = 0 for any h I ∈ H I we can also get
Because W h R , h R = 0 = Zh I , h I for any h R ∈ H R , h I ∈ H I , hence by (4) we get
Thus Y = X * and the proof is finished.
Recall that a single operator T ∈ B(H) is called reflexive if the weakly closed algebra generated by T and the identity is reflexive. In [7] authors characterized normal skew symmetric operators and by [10] we know that every normal operator is reflexive. Hence one may wonder, if all skew-C symmetric operators are reflexive. The following simple example shows that it is not true. We have used the characterization given in Proposition 2.2.
